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Consider a decision maker concerned with the true value of an

unknown parameter 0 € o. Let © be a finite set

¢] = {el,...,em}

and let the prior probability distribution be fixed and denote it by

r = (r ...,rm)

l’

The decision maker's problem is to maximize the expected value

of his utility by the choice of an action from a set A. Utility is written

as

u: 6 x A > 1R -

The selection of a € A is made after receiving some information sbout 6.

Let us give two alternative formalizations of the idea of an infor-

mation structure.

I. A set Y, and a collection of m probability distributions

Tys---»T ~on Y. This will be denoted (Y,n).
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IT. A set X, a measure p on © x X such that the marginal distribu~-
tion of 6 is r, and a partition § of X. This will be denoted

(¥%,u,8).

-The interpretation of I is that a point .y €Y is observed
according to the distribution T if ei is the true state. 'Then the

action 2 € A is chosen to maximize

m
izlx(eily)u(ei,a)

where )\ is the posterior distribution of .6 given Yy:

wi(y)ri

A, |y) = it
i EMEEN
k
The interpretation of II is that an event S €S is observed ' and
the conditional distribution of 6 is computed to be
({6} x 8)
u(o x 8)
Obviously any information structure can be expressed in either vform,
for given (Y,n

1
S = ({x})xeX. Similarly, (Y,nl,...,nm) can be constructed immediately

,...,-nm) we can let X = Y, u(ei,x) = ri'iri(x), and

given (X,u,S).

Therefore, it would seem that desci'iption I. is generally to be
preferred because of its greater simpiicity-—-there is really no need to
describe a set X in detail since the relevant objects are only the elements

of 8, and the joint distribution on © x S.




b

Description II. is useful, however, when one has to compare infor-

mation structures. Information structures can be (partiall&) ordered

according to the maximized value of the objective function. One is said

to be more informative than the other if the objective function can be

l! Let

made at least as great for every possible utility function u.
(Y,n) and (Y;;ﬂ') be two information structures. We assume‘further
that Y and Y' are finite sets: Y = {yi,...,yn}, Y' = {yi,...,yﬁ,}.
is more informative

Blackwell [1951] and others have shown that (Y,w)

than (Y',w') if and only if there exists a Markov matrix B satisfying
(1) : I =1IB

m = (ﬂg(yé.))-g/ Equation (1) may be used to

I =
where mxn (ﬂi(yj))’ mxn'

check, constructively, whether two information structures are related by A
this criterion. This amounts tO'showingvthat a system of inequalities has
e solution because-the required Markovian character of B  entails
51 >0 for all (J,3') as well as g'bjj, =1 for'all ‘Jf

If the two information structures (Y,n) and (Y',n') were ex-
pressed in form II as (X,u,S) and (X',u',S8') the required computations
would be precisely the same. However, if they could be expressed so that

the same set X and the same joint distribution u were used, and so

that S is a refinement of S', then the conclusion that (Y,r) is more

l/Actually, Blackwell [1951] requires that the dominance apply for all
utilities and all prior probabilities, r. However his theorem shows
that the partial ordering obtained for any fixed, positive, prior
coincides with that for any other such prior.

g/This theorem generalizes to infinite sets © and Y. The corresponding
condition is stated in terms of a Markov kernel.




informative than (Y',7') would be immediate upon inspection. We would

 1ike to know whether'such a choice of (X,u), S, and S' generally exists.

Let us view this problem the other way arouhgf I (X,u) is fixed,
then the set of all partitions of X corresponds to a sef‘of information
structures which are naturally (partlally) ordered by the criterion of refine-
ment. Of course, these information structures may be only a small subset of
all possible structures. Moreover, even if (Y,m)  is more informative
than (Y',n') and if (Y,r) and (Y',n') are equivalent to (X,u,S)
aﬁd (X,u,8') respectively, for two partitions S and S', it may not
be true than S refines S'. That is to say that refinement implies.
more informativeness, but not vice veréa--for example, S' may have more
elements than 8. _

We know that (Y,n) can be converted directly into (X,u,S) vy
identifying points in Y with members of S. However there are othe;

descriptions of form II, refinements of the n-member partition, -with iden-

tical informational characteristics.
Definition: We will say that (X,u,S) represents  (Y,n) if there
is e mapping: |
f: S-»Y
such that
i) for each Yy €Y and each S € f-l(y),

u({e } x8)

—‘;(—é-—x—g)—--)\(e Iy) . = l,...5n




ii) for each y €¥Y.

' n
I wlexs)= } alyle)r,
- ’ '=l

s (y) *

That is, (X,u,S) represents (Y,n) if there is a class of sub-
collections of S with the properties that the induced poéterior' on ©
is insensitive to. the elemért S within anyAéubcollection,_being iden-
tically equal to A(-]y) for some y €Y, and that the probability of

occurence of each such subcollection is the same as that for tﬁe Yy with
which it is associated. Thus, if T is the collection _(f-l(y))yey
generated in this way, then (X,u,S) and (X,u,7) are really equivalent

information structures, both being representations of (Y,w). The parti-

tion S merely refines T in a way that imparts no extra information

about 6.

Definition: Two information structures (Y,7) and (Y',7')
satisfying Blackwell's condition (1) are said to be imbeddable if there

exists (X,u,S,S') such that

(X,u,S) represents (Y,m)
(X,u,8') represents (Y',7")

S is a refinement of S' .

Theorem 1: Any two information structures (Y,w), (Yf,n') satisfy-

ing (1) are imbeddable.
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Proof: Let X =Y X Y!', u({(ei,x)})=u({(ei,yj,yj,)})=rini(yj)bjj.

vhere (b = B is the Markov matrix in (1) relating I

) .
]

Jd J=l,...,0

‘ J'=1l,...,n’ :
and IN'. Further, teke S = {(yj,ys,)lyJ €y, yj', €Y'} and

S = {y x {ys,}lys, € Y'}. Clearly S refines S' and p is a probabi-
lity distribution on © x X.

To show that (X;u,S)_ represents (Y,n) take f£(8) = f({(yd’ 3.)})

= ' -1.= = s ' ' '
=¥y, s0 that f (yj) {{(yj, J,)}ly , €Y'}, Then

uz{(eizfj’yi';;; ) riﬂi(yj)bjjv
u(e x {{y,,y! T
373

kz= lrk"k(yd 540

= A(eilyj)

verifying part i) of the definition of representation and

n' n' m p
) u(e x ) =YJ'Z=lu(9 Ay yy50)1= 3'2=1 izlri"i(yj)bdj' N

SEf—l(yj)
m \
= izlrini(yj)
since B is a Markov matrix, verifying ii).
To show that (X,u,S') represents (Y',r') take
£(s') = £(Y x {ysl) = y5 so.that f-l(ij) =Y x {ijl_ (i.e. f—l has

only one member in S'). Thus using (1),
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uH%}XfXW&} u(te,} x s1)
(e x ¥ x {y1,}) “ulexs")

L
jZ ri“i‘?a)baj'

e~1H

1
§ )
crom (y.)o, .,
k=1 3= £ 899

riﬂi(yj,)

T et (y))
r, o (y?,
kzl (V]

X(Bilyj.)

verifying i). Property ii) follows, as sbove, by applying Blackwell's

theorem to u(® x S'). Q.E.D.

Bart McGuire has suggested the following matrix interpretation of
Theorem 1. Write the n x n' Markov matrix B as the product of two Markov
matrices, E and C, where E is nx (nxn') and C is (n x n') x

n' , as follows.

g serbp 0 ... O 0 ...0
0 ...0 g1 o+ Do )
0 ...0 I
E = .
0 ...0
b e..b_,

nl nn
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— —
. [ ] - 0
O . - - L] 1
'C - : n blocks of rows each of which is an
. n' xn' identityvmatrix
P
0 L * . 1

By definition 1IIB = (IE)C = II', Therefore the information structure
given by (Y'',IE) (where Y'' has n x n' elements;/is more informative than
I', and they are related by refinement as indicated by the matrix C. That

is, all observations Yé' =1, ..., nxn' in Y'' are associated to some

Y}, € Y' according to j' = k mod n'.
On the other hand, by choosing an (n x n') x n Markov matrix D
given by

3
—j&he construction above, as in Theorem 1, requires the use of a

space with n x n' points. One can observe that there is not, in general,
an information structure (Y'',I'') equivalent to (Y,Il) and refining (Y',n)
(i.e, I''" . D'"' = II' for D'' a matrix of zeros and ones) when Y'' has
fewer than n X n' points. For example, consider n = n' = 2 and

6 4
3 .7
.48 .52)
.69 .31

II

nl
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* 0
1
o
‘ 0
D= ' n blocks
o1 ______ '
0 1
0 1
0 L] L]
0 1

3(cont.)
" so that

uniquely satisfies 1B = II',
' Let us try to find (Y'', I'') as require with Y'' consisting of
three points. Without loss of generality we can take

c''=f1 0
1 0
0 1




-10-
we have that
(IE) - D= 1

so that (Y'', NE), (and of course, I « E = (IE)). Therefore (Y,I) and

(Y,) and (Y'', IE) are equivalent information structures; -~ -

These results establish the existence of an information structure

(Y'', IE) equivalent to (Y,lI) which can be viéwed as a refinement of

(Y', Hl).
Theorem 1 is useful in the following way: Supﬁose a proposition

is valid for any pair of partitions S, S' of X, wvhere (X,uy) is arbitrary
and S refines S8'. Is it valid to conclude that the same proposition

can be asserted for any two information structures (Y,n), (Y',n') such

-that (Y,v) is more informative than (Y',n')? This theorem allows one
to give a positive answer by simply constructing (X,u,S,S") so as to

imbed (Y,w), (Y',7'). Because it is often easier to work with refinements
of partitions than with systems of inequalities such as (1), this theorem

may provide a convenient analytical tool.

- 3(cont.)
Thus E''" =/,1 .1 .8\, If IE'' is equivalent to I, then we must be

45 .45 .1
able to find a Markov matrix D'' so that

* (HE!!) « D' = HA

(The other direction, "I more information than IE'', is trivially verified
by E'' itself). Solving #%* for this numerical example one derives directly
that d§i > 1, so that D'' cannot be non-negative as required. '

Similar examples can be given for any n, n'. In some special cases,
where certain degeneracies occur, this construction can be done for less
than n x n' points, But these are not really relevant, and n X n' is the

general lower bound.
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Theorem 1 shows how to construct (X,u) +to imbed any two information

structures that are ordered by Biackwell's eriterion. The following theorem,

on the other hand, treats a fixed (X,u) and characterizes alternative

families of partitions of X that all represent the same information

structures (Y,m) and (Y',7').

Theorem 2: Given any two information structures (Y,n) and

(Y',7'), and any set X for which there exist (X,u,S) and (X,u,S')

representing (Y,7) and (Y',r") respectively:

1)

2)

(Y,n) is more informative than (Y',n') if and only if

the finest partition of X that represents (Y,r) is a
refinement of every partition of X that represents
(y',m');

(Y,m) is more informative than (Y',n') if and only if

for every partition S of‘ X that represents (Y,r) and
every partition S' of X that represents (Y',n') the

least common refinement of S end S' represents (Y,w).

The proof follows the lines of Theorem 1.
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